In this work we study the heat transport in inhomogeneous bubbly flow. The experiments were performed in a rectangular bubble column heated from one side wall and cooled from the other, with millimetric bubbles introduced through one half of the injection section (close to the hot wall or close to the cold wall). We characterise the global heat transport while varying two parameters: the gas volume fraction α = 0.4% − 5.1%, and the Rayleigh number Ra H = 4 × 10 9 − 2.2 × 10 10 . As captured by imaging and characterised using Laser Doppler Anemometry (LDA), different flow regimes occur with increasing gas flow rates. In the generated inhomogeneous bubbly flow there are three main contributions to the mixing: (i ) transport by the buoyancy driven recirculation, (ii ) bubble induced turbulence (BIT) and (iii ) shear-induced turbulence (SIT). The strength of these contributions and their interplay depends on the gas volume fraction which is reflected in the measured heat transport enhancement. We compare our results with the findings for heat transport in homogeneous bubbly flow from Gvozdić et al. (2018) [1]. We find that for the lower gas volume fractions (α < 4%), inhomogeneous bubbly injection results in better heat transport due to induced large-scale circulation. In contrast, for α > 4%, when the contribution of SIT becomes stronger, but so does the competition between all three contributions, the homogeneous injection is more efficient.
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Introduction
Injection of bubbles in a continuous liquid phase is widely used to enhance mixing without any additional mechanical parts. As a result, bubbly flows enhance heat and mass transfer and can therefore be found in various industrial processes such as synthesis of fuels and basic chemicals, emulsification, coating, fermentation, etc. In particular, to understand the effect of bubbles on heat transport, a variety of flow configurations have been used in previous works. These studies can be broadly classified based on (i ) the nature of forcing of the liquid, i.e. natural convection (liquid is purely driven by buoyancy) [2, 3] r forced convection (liquid is driven by both buoyancy and an imposed pressure gradient or shear) [4] [5] [6] [7] ; and (ii ) based on the size of the injected bubbles, i.e. sub-millimetric bubbles [2, 3, 8] to millimetric bubbles [9, 10] .
Owing to the high complexity of the physical mechanism behind the bubble induced heat transfer enhancement, a systematic approach has to be taken when studying this phenomenon. Starting from a relatively simple case: bubbly flow in water combined with natural convection, Kitagawa et al. (2013) [8] studied the effect of bubble size on the heat transfer. They found that micro-bubbles (mean bubble diameter d bub = 0.04 mm) which form large bubble swarms close to the wall with significant wall normal motion, induce higher heat transfer enhancement as compared to sub-millimeter-bubbles (d bub = 0.5 mm), which have weak wakes and low bubble number density.
In our previous work [1] we studied heat transfer combined with natural convection with injection of millimetric bubbles in water which due to their strong wake enhance the heat transport even more. Those experiments were performed in a rectangular bubble column heated from one side and cooled from the other in order to understand the influence of homogeneously injected millimetric bubbles on the overall heat transport. The primary advantage with such a setup is that the dynamics of homogeneous bubbly flows has been adequately characterised and studied in the past [11] [12] [13] [14] and the flow without bubbles resembles the classical vertical natural convection system [15] [16] [17] [18] [19] [20] [21] . The strength of the thermal driving of the fluid in such a system is characterised by the Rayleigh number which is the dimensionless temperature difference:
and the dimensionless heat transfer rate, the Nusselt number:
where Q is the measured power supplied to the heaters, T h and T c are the mean temperatures (over space and time) of the hot wall and cold wall, respectively, L is the length of the setup, A is the surface area of the sidewall, β is the thermal expansion coefficient, g the gravitational acceleration, κ the thermal diffusivity, and χ the thermal conductivity of water. Gvozdić et al. [1] found that homogeneous injection of bubbles in vertical natural convection can lead to a 20 times enhancement of the heat transfer compared to the corresponding flow with no bubbles. It was found that for Ra H = 4.0 × 10 9 − 2.2 × 10 10 and a gas volume fraction of α = 0.5% − 5% the Nusselt number remained nearly constant for increasing Ra H . Furthermore, Gvozdić et al. (2018) [1] found good agreement for the scaling of an effective diffusivity D with the gas volume fraction α with the results of mixing of a passive scalar in a homogeneous bubbly flow [22] , i.e. roughly D ∝ α 1/2 , which implies that the bubble-induced mixing is controlling the heat transfer.
With a goal to further enhance bubble induced heat transport in vertical natural convection, in this study we explore the influence of inhomogeneous bubble injection on the overall heat transfer. Previous studies have shown that inhomogeneous gas injection induces mean liquid circulations (large-scale coherent rolls) in bubbles columns [23, 24] . It is also known from classical Rayleigh-Bénard convection that aiding formation of the coherent structures can enhance heat transfer [25, 26] . In this work, we take advantage of both these phenomena and use the large-scale circulation generated by inhomogeneous bubble injection in a vertical natural convection setup to further enhance heat transport as compared to the case of homogeneous injection of bubbles. We use the same experimental setup as in Gvozdić et al. (2018) [1] , while we inject the bubbles through one half of the injection section, either close to the hot wall or close to the cold wall (see Figure 1) . We characterise the global heat transfer while varying two parameters: the gas volume fraction α = 0.4% − 5.1%, and the Rayleigh number Ra H = 4 × 10 9 − 2.2 × 10 10 . We compare findings on global heat transfer for the cases of homogeneous bubble injection, injection close to the hot wall, and injection close to the cold wall. We further demonstrate the difference in the dynamics between lower gas volume fraction case (α = 0.4%) and higher gas volume fraction case (α = 3.9%) by performing velocity profile measurements along the length of the setup at mid-height.
The paper is organised as follows. In section 2, we discuss the experimental set-up and the different flow configurations studied. Results on the liquid flow characterisation and on the global heat transfer enhancement are detailed in section 3 while concluding remarks are given in section 4.
Experimental setup and instrumentation

Experimental setup
In figure 1 , we show a schematic of the experimental setup. The apparatus consists of a rectangular bubble column, where the two main sidewalls of the setup (600 × 230 mm 2 ) are made of 1 cm thick glass and the two (heated resp. cooled) sidewalls (600 × 60 mm 2 ) of 1.3 cm thick brass. Heating is provided via Joule heaters placed on the brass sidewall, while cooling of the opposite brass wall is performed using a circulating water bath. The temperature of these walls is monitored using thermistors. Millimetric bubbles are injected through 90 out of the total 180 capillaries at the bottom of the setup, either close to the hot wall or close to the cold wall. The global gas volume fraction is modulated between 0.4% to 5.1% by varying the inlet gas flow rate. Global gas volume fraction was estimated as an average elevation of the liquid at the top of the setup, which is measured by processing images captured using a Nikon D850 camera. We find that different flow regimes develop with increasing inlet gas flow rate. Movies capturing these regimes can be found in the Supplementary material. In order to visualise the preferential concentration of the bubbles in figure 2 we show the normalised standard deviation of each pixel in the movie frame converted to grayscale over around 1500 frames. For low global gas volume fractions (around 0.4%) we visually observe that the bubbles rise without migrating to the opposite side (see Figure 2 (a)), while the bubble stream bends due to liquid recirculation caused by the pressure gradient between the two halves of the setup, as it was previously observed by [27] . For a global gas volume fraction of approximately 1%, the bubbles start migrating to the opposite side (see Figure 2 (b)), inducing a weak bubble circulation loop on the opposite half of the setup. This recirculation loop does not interfere with the main bubble stream. At an even higher gas volume fraction of around 2.3%, a significant part of the bubble stream passes to the other half of the setup, and strongly interacts with the main bubble stream (see Figure 2 (d)). The migrating bubbles form an unstable loop, which gets partially trapped by the main bubble stream and carried to the top of the setup. With increasing gas flow rate, the amount of bubbles passing from the injection side to the opposite half of the setup increases, as does the instability of the main bubble stream. These regimes have significant influence on the heat transfer, which will be addressed later in section 3.1.
Instrumentation for the gas phase characterisation
In order to characterise the gas phase, we first perform a scan of the local gas volume fraction using a single optical fibre probe (for working principle see 
; arrows mark the gas injection. Colour corresponds to σ/ σ bg , that is the standard deviation of each pixel intensity σ normalised by σ bg the mean of the standard deviation of pixel intensity for a background image taken without the bubble injection.
[28]). We perform measurements only at half-width of the column because the capilaries for bubble injection are arranged in 6 rows and 30 columns, and the width of the column is only 6 cm. In figure 3 , we plot the local gas volume fraction measured at half-height y/H = 0.5, versus the normalised length for both hot-wall and cold-wall injection. We find that the profiles of the gas volume fraction do not differ significantly for the cases where the bubbles are injected close to the hot wall or close to the cold wall.
The bubble diameter and bubble velocity were measured at half height using an in-house dual optical probe, which consists of two optical fibres placed one above the another. The bubble velocity is given as V bub = δ/∆t, where δ = 4 mm is the vertical distance between the fibre tips and ∆t is the time interval between which one bubble successively pierces each fibre. The diameter is estimated from the time during which the leading probe is in the gas phase. To ensure precise measurements of the bubble diameter and velocity, we perform measurements only in the injection stream. On the opposite side of the injection stream, bubbles move downwards which makes their accurate detection with a downward facing probe impossible. Bubble diameter measurements indicate an expected increasing trend with increasing gas volume fraction (see Figure 4 (a) ), while the distribution of the normalised bubble diameter remains nearly the same for all the gas volume fractions with a standard deviation of 0.7 (see Figure 4 (b)). The bubble velocity is in the range V bub = 0.5 ± 0.02 m/s for the given gas volume fraction span. The bubble rising velocity in the injection leg of the setup is nearly constant as it can be expressed as V bub = U + V r , and the mean rising liquid velocity U increases (see Section 3.2) while the relative velocity V r decreases with increasing gas volume fraction [12] , thus compensating each other. : (a) Mean bubble diameter deq for different gas volume fractions α, the error-bar presents the standard error of the mean bubble diameter. (b) Probability density function (PDF) of the normalised bubble diameter. The symbols present the PDF for each gas volume fraction, while the line presents a PDF calculated using data points for all studied gas volume fractions. 
Ra
3 ). The LDA system used consists of DopplerPower DPSS (Diode Pumped Solid State) laser and a Dantec burst spectrum analyser (BSA). It has been shown previously that the LDA in backscatter mode measures predominantly the liquid velocity [29] [30] [31] . Therefore, no post-processing was performed on the data. Measurements of 30 minutes were performed for each measurement point with a data rate of O(100) Hz.
Instrumentation for the heat flux measurements
In order to characterise the global heat transport, namely to obtain N u and Ra H , we measured the hot and cold wall temperatures (the control parameters), and the heat input to the system (the response parameters). Accordingly, resistances of the thermistors placed on the hot and cold walls and the heat power input were read out every 4.2 seconds using a digital multimeter (Keysight 34970A). Operating temperatures for each Rayleigh number are given in table 1. The heat losses were estimated to be in the range of 3% to 7% by calculating convective heat transport rate from all outer surfaces of the setup if they are at 25
• C and by measuring the power needed to maintain the temperature of the bulk constant (T bulk = 25
• C) over 4 hours. More details on the temperature control of the setup and measurements of the global heat flux are provided in [1] . The experimental data was acquired after a steady state was achieved in which the mean wall temperatures fluctuated less that ±0.5 K. Time averaging of the instantaneous supplied heating power was then performed over a period of 3 hours.
Results
Global heat transfer enhancement
We now analyse the heat transport in the presence of an inhomogeneous bubble swarm for gas volume fraction α ranging from 0.4% to 5.1% and the Rayleigh number ranging from 4 × 10 9 to 2.2 × 10 10 . Experiments performed in a previous study showed that in the single-phase case Nusselt increases with Ra H as N u ∝ Ra H 0.33 , while in the case of homogeneous bubble injection N u remains nearly constant with increasing Ra H [1] . In figure 5 , along with the results previously obtained for the cases of single-phase flow and homogeneous Figure 5 : Dependence of the Nusselt number N u on the Rayleigh number Ra H for different gas volume fractions. Green data presents the single-phase case from [1] , black data the homogeneously injected bubbles from [1] , red data the injection of bubbles close to the hot wall (H) and blue data injection close to the cold wall (C).
bubble injection, we plot the Nusselt number versus Ra H for inhomogeneous injection. Similarly to the results for the homogeneous bubble injection, we find that N u remains independent of Ra H and is an order of magnitude higher when compared to the single-phase case even if the bubbles are injected only through one half of the bubble injection section.
Although Nusselt is not a function of Rayleigh in both cases, the heat transport enhancement mechanisms in case of inhomogeneous injection is different than the one present in case of homogeneously injected bubbles where N u ∝ α 0.45±0.025 . While in the case of a homogeneous bubble injection the mixing mechanism limiting the heat transport is bubble induced turbulence (BIT) [1] , the large-scale circulation of the liquid phase induced by inhomogeneous bubble injection leads to the occurrence of a shear layer between the fluid region injected with bubbles and its opposite side. Therefore, in the case of inhomogeneous bubble injection there are additional contributions to the mixing: the shearinduced turbulence (SIT) and mixing by large-scale liquid circulation. Given the difference in the fundamental mixing mechanisms for homogeneous injection and inhomogeneous injections, one can expect a difference in the scaling of the Nusselt number with α. Indeed, for gas volume fractions α ≥ 1.4% N u does not follow the same trend with gas volume fraction as in the case of homogeneous injection, it seems to be less affected by changing α (see Figure 6 ). However, for low gas volume fractions the scaling exponent of N u with α for inhomogeneous Figure 6 : Nusselt number N u as a function of the gas volume fraction α, subscripts: Cinjection close to the cold wall; H -injection close to the hot wall, hom. inj. -homogeneous bubble injection. Hollow symbols show all the experimental measurements, and lines present the N u ∝ α 0.45 scaling. The crossover from strong enhancement by the inhomogeneous bubble injection for low α towards no enhancement for high α is clearly seen.
injection agrees well with homogeneous injection, though with an increased prefactor. If we calculate the exact scaling exponent for inhomogeneous injection for gas volume fraction α ≤ 1.4%, for hot wall injection we get 0.37 ± 0.03, for cold wall it is 0.41 ± 0.08. These exponents are comparable to the one for homogeneous injection. It should be however taken into account that better precision of the exact scaling exponent would be obtained if the number of data points at low gas volume fractions would be greater, since in the present work only 3 gas volume fractions are available. The small observed difference in the exact scaling exponent between hot wall injection and cold wall injection will be addressed later.
In order to understand the observed trend of Nusselt with increasing α, we plot the ratio of Nusselt number for inhomogeneous injection to the corresponding Nusselt for the homogeneous injection for the same gas volume fraction in figure  7 . The results indicate that the heat transfer enhancement (as compared to the homogeneous bubble injection) decreases with increasing gas volume fraction. Studies focused on characterisation of the mixing in similar inhomogeneous bubbly flow have shown that (i ) in case of α < 3.5% the mixing is enhanced using inhomogeneous injection [24] [23], (ii ) for α < 3% in the case of inhomogeneous bubbly flow where the buoyancy driven flow generates shear-induced turbulence involving wide range of scales from the from the size of the column to bubble diameter, the mixing time evolves as α −0.5 [24] . Our results for low gas volume fraction agree well with these findings. On the other hand, at higher gas volume fractions the observed trend is changed. Possible cause of decreased heat transport enhancement at higher gas volume fractions is that the interacting mixing mechanisms might deteriorate one another, resulting in inhomogeneous bubble injection to be less effective that the homogeneous one for α > 4%.
We now compare the global heat transfer for injection close to the hot wall and injection close to the cold wall. From figures 5 and 6 we find that there is almost no distinction between hot wall injection and cold wall injection for the same gas volume fraction for higher α. The difference is more prominent for low gas volume fractions as compared to high gas volume fractions; namely, up to a critical value of the gas volume fraction α < 1.4% the Nusselt number for hot wall injection is slightly higher than the one for cold wall injection. One possible reason for the observed difference in the Nusselt number could be the different interaction between the rising bubbles and the falling cold boundary layer or rising hot boundary layer, namely the co-current flow of bubbles with the thermal boundary layer might perturb the boundary layer more than the counter-current flow. However, we suspect that this is not the actual cause of the difference between hot wall injection and cold wall injection for two reasons: (i ) We do not see the difference between the different injection sides for higher gas volume fractions and (ii ) the Nusselt number does not depend on the Rayleigh number, meaning that it is very likely that the perturbation of the boundary layers by the bubbles rising next to the wall is very strong even for the lowest gas volume fractions so that the boundary layers do not react back on the bubbles.
On the other hand, the main distinction between the α = 0.4% and α = 0.9% cases and the cases with α ≥ 1.4% is that at low gas volume fraction the boundary layer on the side opposite to the bubble injection is not mixed by bubbles because almost no bubbles migrate to the other half of the setup, while at high α both boundary layers are mixed by bubbles. Therefore the liquid (with almost no bubbles) flowing in the same direction as the cold boundary layer is more effective in transferring heat that the liquid flowing in the direction opposite to the movement of the hot boundary layer. Finally, the observed differences in heat transport if the bubbles are injected close to the hot wall or close to the cold wall at α ≥ 1.4% are of the same order of magnitude as the variation of the Nusselt number for a constant gas volume fractions over the studied range of Ra H , but are reproducible by repeating the measurements. We also note that difference in the mixing mechanism close to the non-injection wall seems to be the cause of different exact scaling exponents of N u with α observed for α ≤ 1.4% for hot and cold wall injection.
Local liquid velocity measurements
Liquid velocity measurements are performed by means of LDA with the goal of understanding the dynamics of the system and how it is affected by different bubble injection sides, heating, and different gas volume fractions, in order to relate it to our global heat transfer findings.
In the previous section we have seen that N u is slightly higher for hot wall injection when compared to cold wall injection for lower gas volume fractions. In order to examine this further we performed velocity measurements at half height of the setup in the direction normal to the heated and cooled walls for the case of lowest studied gas volume fraction α = 0.4%. In figures 8, we show the vertical and horizontal liquid velocity profiles for both hot-wall and cold-wall injections without the heating (cold side injection measurements are mirrored around x/L = 0.5). The vertical velocity profile shows a high positive value at the injection side which is of the same order of magnitude as the bubble rising velocity, while the horizontal velocity is always negative indicating that the injected side is entraining the fluid from the opposite side. These findings are in agreement with the results of Roig et al. (1998) [27] who studied a turbulent bubbly mixing layer, which was produced by applying different inlet conditions of liquid velocity and gas volume fraction in two halves of a vertical square water channel. They found that even a very low difference between the gas volume fraction in the two halves of the setup induces strong acceleration of the fluid on the injection side of the mixing layer and a bending of the flow. Figure 8 (a) also shows the vertical velocity profiles for different injection sides with the heating (∆T = 5.6 K). Results shown in figure 8 (a) indicate that heating and the side of injection do not have a significant influence on the mean velocity profiles. These findings do not comply with the ones for the global heat transfer possibly because the interaction of boundary layers with the co-current or counter-current bulk can only be captured by measuring velocity even closer to the heated and cooled wall, which is not possible due to strong reflections of the laser beam.
Since N u depends strongly on the gas volume fraction but not on Ra H we now look into the influence of gas volume fraction on the measured velocity profiles. In figure 9 , we show the vertical and horizontal velocity profiles at half height for gas volume fractions of α = 0.4% and α = 3.9%. The horizontal velocity profiles are slightly higher in the centre of the setup for α = 0.4%. This most likely occurs due to the presence of the bubbles on the side opposite to the injection side for α = 3.9%, which leads to lower gradient of gas volume fraction at mid height for α = 3.9% and lower driving for horizontal motion. Based on the profiles of the mean liquid velocity in the vertical direction a mean liquid rising velocity in the injection side of the setup U can be estimated by averaging the velocity along the length of rising liquid layer. This way we find that the mean velocity for α = 0.4% is 0.16 m/s and for α = 3.9% is 0.25 m/s. The mean velocity in the case α = 0.4% is comparable to the one observed in previous studies on mixing in inhomogeneous bubbly flows (where U = O(10) cm) [23, 24] , which further justifies the direct comparison between the global heat transport results and findings from these studies.
Summary
An experimental study on heat transport in inhomogeneous bubbly flow has been conducted. The experiments were performed in a rectangular bubble column heated from one side and cooled from the other, where the millimetric bubbles were injected through one half of the injection section, either close to the cold wall or close to the hot wall (see figure 1) . Two parameters were varied: the gas volume fraction (from 0.4% to 5.1%) and the Rayleigh number (from 4 × 10 9 to 2.2 × 10 10 ). By characterising the global heat transfer we find that in the case of bubbles injected only through one half of the injection section, just as for homogeneous bubble injection, the Nusselt number is nearly independent on the Rayleigh number and increases with increasing gas volume fraction (see Figure 5) . However, the heat transfer enhancement is more prominent with inhomogeneously injected bubbles when compared to the same gas volume fraction and same range of Ra H of homogeneous injection, provided α < 4% (see Figure 6 ). This finding can be explained by the multiple mixing mechanisms present in the setup, once a gradient of gas volume fraction is imposed. Namely, besides the bubble induced turbulence (BIT), the large-scale circulation of the liquid phase induced by inhomogeneous bubble injection leads to the occurrence of a shear layer between the fluid region injected with bubbles and its opposite side. As previously observed by Alméras et al. (2016) [24] and [23] for α < 3.5%, the different superimposed mixing mechanisms lead to enhancement of mixing, which results in up to 1.5 times larger heat transport as compared to homogeneous bubble injection (see Figure 7) .
Although the measurements of the velocity in the bulk show comparable profiles for hot wall and cold wall injections (see Figure 8) , the findings on global heat transfer indicate that the injection close to the hot wall induces stronger heat transfer enhancement for gas volume fraction lower than a critical value of 1.4% (see Figures 5 and 6 ). At α ≥ 1.4% we observe bubble-rich region near the non-injecting wall which promotes effective mixing near the thermal boundary layer at the wall. As a consequence the difference in the result on heat transport enhancement for the cases of hot wall and cold wall injection at α ≥ 1.4% is diminished. For α < 1.4% non-injection wall is not covered by bubbles, which means that in this range of α the co-current flow of the liquid directed from the hot wall to the cold wall aids large-scale circulation and the heat transport enhancement.
For α > 4% the inhomogeneous injection causes lower heat transport enhancement than the homogeneous one. We visually observe that with increasing gas volume fraction the instability of the bubble stream increases as well as the contribution of the shear-induced turbulence (SIT). The velocity measurements show that the large-scale circulation gets stronger with increasing α as well (see Figure 9 ). Therefore the competition between BIT, SIT and the advection reduces the heat transport enhancement.
Lastly we comment on the generality of the obtained results on the heat transfer enhancement. When determining the generality of the results on the scaling of the Nusselt number with the gas volume fraction for lower studied gas volume fraction, one has to take into account the governing mixing mechanism in a inhomogeneous bubble column which depends on the aspect ratio (height over width) of the column and the size of the bubbles. If the bubble induced turbulence is the limiting mixing mechanism we expect the scaling of the Nusselt number to be the same, namely N u ∝ α 0.45 . On the other hand, a significant change in the bubble size would affect the flow patterns as well. Experimentally it is challenging to generate bubbles of significantly different sizes (in this study it is varied only from ∼ 1.8 mm to ∼ 2.8 mm), and it is difficult to predict how would the scaling be affected by it. We expect that the evolution of Nusselt number with the Rayleigh number is also general. If the size of injected bubbles is comparable to the thickness of the thermal boundary layers (the thickness of the thermal boundary layer in the studied range of Ra H in the single phase case is estimated to be of order of few millimeters (see Gvozdić et al. (2018) [1] ) and if the bubbles are injected close to the wall so that they perturb these boundary layers we expect that N u does not depend on Ra H . Unexplored effect of the changes in bubble sizes and the complexity of the interaction between different mixing mechanisms call for future investigations on this topic.
